Learning Latent Representations with Progressive Hypothesis
Space Expansion

Jonathan Charles Paramore
University of California, Santa Cruz
jcparamo@ucsc. edu

Abstract

This paper introduces a learning model
to address the computational challenges
arising from including highly abstract un-
derlying representations (URs) in morpho-
phonemic learning. The proposed learner
structures the UR hypothesis space by dis-
parity distance and considers potential
URs in batches, beginning with fully con-
crete URs, only expanding the UR candi-
date space if the current set of UR candi-
dates fails to meet a predetermined like-
lihood threshold. Overall, the learner
inherently restricts abstraction to cases
where introducing it demonstrably im-
proves likelihood, while avoiding issues
associated with the exhaustive search of
an unbounded hypothesis space. Applied
to Pakistani Punjabi vowel nasality, the
model is shown to successfully acquire ab-
stract URs for phonological patterns that
parallel learners fail to capture.

1 Introduction

Classic debates concerning the degree to
which an underlying representation (UR) and
its associated surface representations (SRs)
may differ (e.g., Kenstowicz and Kisseberth
1977) have reemerged in recent years. This
resurgent interest owes primarily to the diffi-
culty that increased abstraction presents for
phonological learnability. On the one hand,
some phonological patterns are difficult to
analyze without positing highly abstract URs
(e.g., Klamath (O'Hara, 2017), Pakistani Pun-
jabi (Paramore, 2025), and Sevillian Spanish
(Gilbert, 2023)). In these cases, proposed URs
are considered highly abstract in that they dif-
fer in one or more feature specifications from
all of their corresponding surface exponents.
Nevertheless, despite the analytical motiva-
tions for assuming abstract URs, recent work

on phonological learnability has raised seri-
ous concerns about the viability of such high
degrees of UR abstraction. First, if multi-
ple URs successfully model the observed data,
what mechanism ensures that the learner con-
verges on the minimally abstract UR? That
is, how is UR abstraction permitted only to
the extent necessary (Prince and Smolensky,
1993/2004)? Second, and perhaps more
pressingly, if UR abstraction is unconstrained,
the space of possible URs grows without
bound, introducing a potentially intractable
search space problem (Jarosz, 2019; Wang
and Hayes, 2025).

While a number of learning algorithms
have been proposed that minimize UR abstrac-
tion within Maximum Entropy frameworks
(O'Hara, 2017; Paramore, 2025), the issue
of search space size brought on by permit-
ting increased UR abstraction remains largely
unresolved. To date, most learning models
have simply stipulated a finite set of potential
URs for the learner to consider (O'Hara, 2017;
Paramore, 2025). Wang and Hayes (2025),
on the other hand, demonstrate that at certain
levels of UR abstraction, the space of potential
URs grows too large, preventing the learner
from converging on a correct solution. Given
these results, Wang and Hayes (2025) propose
that the boundary on permissible UR abstrac-
tion should be defined by learnability itself.
This conclusion places learnability-based lim-
its on abstraction in direct tension with pat-
terns in languages like those discussed above
that appear to require highly abstract URs.

This paper introduces a novel learning
algorithm—the UR Progressive Hypothe-
sis Space Expansion (UR PHaSE) learner—
which aims to reconcile these competing de-
mands. The UR PHaSE learner solves both
of the above issues posed by UR abstraction



without imposing an explicit upper bound on
the degree of UR abstraction. The central in-
sight builds on work by Tesar (2014, 2016),
which structures the UR search space so that,
rather than evaluating an infinite set of po-
tential URs in parallel, the learner partitions
the space into ordered subsets and considers
candidates incrementally based on disparity
count. Beginning with fully concrete URs, the
learner only expands the space to include in-
creasingly abstract URs when it fails to find
an adequate learning solution at a lower level
of abstraction. Moreover, a key novelty of the
UR PHaSE learner is that expansion of the UR
hypothesis space is targeted: the learner uses
information from constraint weights and vi-
olations in observed forms to generate only
those candidate URs that are potentially infor-
mative for learning. In this way, the hypoth-
esis space remains manageable as the learner
iteratively considers increasingly abstract UR
candidates.

Using a vowel nasality pattern from Pak-
istani Punjabi (Paramore, 2025; Paramore
and Bennett, 2025), I show that an appropri-
ately structured hypothesis space of potential
URs coupled with a serial search algorithm
renders the required level of UR abstraction
learnable without needing to provide external
stipulations on the UR candidate set.

2 Pakistani Punjabi Nasality

Punjabi is an Indo-Aryan language spoken by
approximately 110 million people. Paramore
and Bennett (2025) describe a vowel nasal-
ity pattern in Pakistani Punjabi that re-
quires vowels occurring before tautomor-
phemic nasal consonants (pre-N vowels) to
be represented with abstract URs containing a
nasality feature that never surfaces faithfully.

As shown by examples (i) and (iii) in Table
1, vowel nasality is contrastive in Punjabi. Im-
portantly, two phonological processes shape
the realization of nasality across words. First,
all pre-N vowels are categorically nasalized,
as shown in Table 1liv-vi. In addition, con-
trastive nasal vowels trigger regressive nasal
harmony, such that nasality spreads to all
glides and vowels, while other consonants
block further propagation (Table 1i-ii). Cru-
cially, however, while Paramore and Bennett

i. [sal '‘breath’ ii. [sadal 'breaths'
iii. [sd] 'T was' iv. [sdn] 'grindstone’
v. [sijan] 'recognition' vi. [d3svdn] 'a youth'

Table 1: Forms illustrating contrastive vowel nasal-
ity and nasal harmony in Punjabi.

(2025) show that pre-N vowels are phoneti-
cally indistinguishable from contrastive nasal
vowels, they also demonstrate that pre-N vow-
els do not trigger nasal harmony, as shown by
the examples in Table 1v-vi.

To account for the distinct behavior of pre-
N vowels and contrastive nasal vowels in
their induction of nasal harmony, Paramore
and Bennett (2025) analyze pre-N vowels as
underlying oral, undergoing local categori-
cal nasalization in the context of a following
nasal consonant (I refer the interested reader
to their paper for a more in-depth defense for
analyzing pre-N vowels as abstract). Given
this analysis, explaining the disparate behav-
ior of pre-N and contrastive nasal vowels is
straightforward: underlying nasal vowels trig-
ger harmony, while derived nasal pre-N vow-
els do not.

Under this analysis, pre-N vowels are as-
signed abstract URs, oral underlyingly in or-
der to block harmony triggering, but categor-
ically nasal on the surface: /sijan/ — [sijan],

*[sijan]. The level of abstraction posited for

these pre-N vowels exceeds what Wang and
Hayes (2025) find to be learnable using a
learning approach that considers all UR can-
didates in parallel. Specifically, they demon-
strate that permitting URs containing a fea-
ture that never surfaces in any allomorph as
a viable UR candidate expands the hypoth-
esis space beyond what can be effectively
searched, resulting in learning failures (Wang
and Hayes 2025, p.30-31).

3 The UR PHaSE Learner

The UR PHaSE Learner integrates Maximum
Entropy (MaxEnt) learning (Hayes and Wil-
son, 2008) with expectation-maximization
(EM) learning (Jarosz, 2006a, 2015; Wang
and Hayes, 2025) to jointly identify optimal
URs for all morphemes in a given dataset and
the constraint weights used in UR—SR map-
pings. Learning proceeds in four steps: (1)
phonotactic learning to establish a best initial



guess of constraint weights, (2) n-disparity UR
expectation maximization learning, in which
candidate URs with up to n disparities are
evaluated; (3) Likelihood Threshold evalua-
tion, which assesses whether the n-disparity
UR candidate sets from step (2) sufficiently ex-
plain the observed data, and (4) generation of
n+1 disparity UR candidates, which expands
the UR candidate space when the current UR
candidates fail the likelihood threshold eval-
uation in step (3). Steps (2)-(4) are repeated
until the Likelihood Threshold is satisfied for
all morphemes.

3.1 Step (1): Phonotactic Learning

The UR PHaSE learner first learns constraint
weights to model phonotactic patterns before
proceeding to consider URs for individual
morphemes. Phonotactic learning here fol-
lows the standard error-driven learning ap-
proach to phonotactic learning undertaken
by MaxEnt learning models, similar to Hayes
and Wilson (2008). The learner takes as in-
put a list of surface forms and pre-defined
markedness constraints initialized at a neutral
weight (e.g., set at 50 with constraint bounds
between [0, 100]). Using gradient descent,
the learner adjusts constraint weight values
to minimize a loss function made up of two
components: the negative log likelihood of
the observed data and an L2 Gaussian prior
(cf., O'Hara 2017) that favors high-weighted
markedness constraints, thus increasing gram-
mar restrictiveness. The output of the phono-
tactic stage is an array of optimized constraint
weights that capture the surface phonotactic
patterns in the data while maximally satis-
fying the prior's preference for a restrictive
grammar.

3.2 Step (2): n-disparity UR EM Learning

After the phonotactic stage, learning pro-
gresses to a morphologically-aware stage in
which the UR PHaSE learner jointly acquires
a probability distribution over the set of pos-
sible URs and the optimal constraint weights
that maximize the likelihood of the surface
data. Expectation maximization (EM) is em-
ployed to acquire UR probability distribu-
tions and constraint weights (Dempster et al.,
1977). Jarosz (2006a,b, 2009, 2010, 2015)
demonstrates that EM learning within a prob-

abilistic OT framework can successfully learn
a broad range of hidden linguistic structure,
including URs, and the EM learning princi-
ples developed in that work provide the inspi-
ration for the approach taken here (see also
Wang and Hayes 2025).
Morphologically-aware learning involves
the simultaneous acquisition of URs for indi-
vidual morphemes and the constraint weights
that map those URs to their observed surface
realizations (SRs) across contexts. This cre-
ates a classic chicken-and-egg problem. In
order to correctly identify the UR for a mor-
pheme that maximizes the likelihood of its
SRs, the constraint weights governing the
UR—SR mappings must already be known. At
the same time, in order to arrive at the opti-
mal constraint weights that maximize the like-
lihood of a UR—SR mapping, it is also crucial
to know a morpheme's UR. The EM algorithm
provides a solution to this issue by breaking
the learning problem into two iterated steps.

3.2.1 Expectation Step (E-step)

The goal of the E-step is to update prior beliefs
about a hypothesis given new evidence. For
an individual morpheme, the initial hypothe-
sis of the learner is that the probability of can-
didate URs is equivalent across the entire set
for that morpheme. The initial new evidence
is comprised of the combination of constraint
weights learned during the phonotactic stage
and the observed SRs of the morpheme.

Under these conditions, the learner com-
putes posterior probabilities over the space of
candidate URs for each morpheme, updating
the probability that each UR is the correct UR
for a given SR, using Bayes' Theorem in equa-
tion 1.
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Bayes' theorem provides a principled mech-
anism for updating the learner's uncertainty
over which UR is the correct representation
for a given morpheme. With a set of observed
SRs and fixed constraint weights, the poste-
rior probability of a candidate UR can be com-
puted by multiplying the joint likelihood of
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Figure 1: Lattice for a structured search space of
candidate URs for a single morpheme realized con-
textually as [i] and [i]. Visualized disparities only
include the features [HIGH], [RD], and [FRONT].

observing all SRs of a morpheme given that
UR by the prior probability assigned to the
UR, and then normalizing by the marginal
probability of the surface forms across all can-
didate URs for the morpheme. The UR’s prior
probability is initially uniform across candi-
date URs before any learning has taken place
and is re-estimated in the M-step as the av-
erage posterior responsibility assigned to that
UR across the SRs of the morpheme.

Crucially, the size of a morpheme's UR can-
didate space is what typically results in fail-
ures during UR learning (Wang and Hayes,
2025, p.33-35). As increasingly abstract URs
are permitted, the hypothesis space size ex-
plodes, making traversal across the candidate
set costly and leading to learning failures
(Jarosz, 2019, p.78-79).

One of the main insights of the UR PHaSE
learner is that the UR hypothesis space is
structured based on the number of dispari-
ties in a UR—SR mapping for each morpheme
(cf., Tesar 2014, 2016). This structure is illus-
trated by the lattice for a hypothetical mor-
pheme with surface forms [i] and [i] and
possible disparities for the features [FRONT],
[HIGH], and [RD] in Figure 1. As Tesar
(2014, p.21) defines it, a featural disparity in
a UR—SR mapping occurs when correspond-
ing input-output segments differ in their value
for a feature.'

The position of a UR in a morpheme's UR
hypothesis space is determined by the dispar-

' set aside disparities caused by insertion and dele-
tion in this paper due to space constraints, but future
work will incorporate them into the learner.

ity distance between that UR and the closest
SR. URs that are realized faithfully in at least
one allomorph count as 0-disparity URs and
reside at the top of the UR space. 1-disparity
URs, on the other hand, can be reached by
flipping exactly one feature value in one seg-
ment for at least one of the SRs. 2-disparity
URs are those that can be reached by flipping
exactly two feature values—either in one seg-
ment or across two segments—for at least one
of the SRs. URs with more than two dispari-
ties (not depicted in Figure 1) are positioned
on the appropriate disparity level.

Importantly, while the feature flips result-
ing in the level 2 candidate URs in Figure 1 are
implemented on a single segment, this does
not have to be the case. If a morpheme is
constructed of multiple segments, there must
be exactly two combined feature flips across
all segments for a UR to be considered a 2-
disparity UR.

Underlying the motivation to structure the
UR candidate space based on disparities is the
assumption that learners inherently disprefer
differences in UR—SR mappings (Prince and
Smolensky, 1993/2004). That is, the learner
assumes morphemes will be represented con-
cretely unless evidence suggests otherwise.
The framework of the UR PHaSE learner in-
corporates this assumption into its algorithm
by considering potential UR candidates in
batches, beginning with all 0-disparity candi-
dates and only considering additional dispar-
ity candidates if the likelihood of the data re-
mains low using URs with the current number
of permitted disparities.

Note that nothing constrains the number of
possible disparities a candidate UR can take,
which means the entire hypothesis space will
be quite large for most morphemes. Neverthe-
less, the UR PHaSE learner's algorithm takes
advantage of the structure of the space to
avoid searching it exhaustively.

3.2.2 Maximization Step (M-step)

After defining the UR candidate space for
each morpheme and calculating the posterior
probability distributions of each UR candi-
date space, the learner moves to the M-step,
seeking to maximize the likelihood of the ob-
served data (Jarosz, 2006a,b). To do so, the
learner updates the constraint weights (w), us-



ing gradient descent to minimize a loss func-
tion made up of the negative log likelihood of
all n observed SRs (2a) and an L2 Gaussian
prior (2b) that maximizes grammar restric-
tiveness by preferring high-weighted marked-
ness constraints and low-weighted faithful-
ness constraints (O'Hara, 2017; Paramore,
2025).2:3

n

NLL = —In | [T (PISR; | (W, mpost)])
i=1

(2a)

L e)2
L2 Prior = Z M (2b)

w; EW g

Once the optimal constraint weights are dis-
covered in the M-step, the learner returns to
the E-step, updating these posterior proba-
bility distributions based on the newly opti-
mized constraint weights. Iteration between
these steps continues until the learner con-
verges on stable constraint weight values and
UR probability distributions.

3.3 Step (3): Likelihood Threshold
Evaluation

Convergence on a set of optimal UR distribu-
tions and constraint weights in the EM learn-
ing step is not equivalent to solving the learn-
ing problem. Rather, it means that the learner
has arrived at a locally optimal solution with
the current UR candidates under considera-
tion for each morpheme, but it does not mean
this solution is adequate. To determine ad-
equacy, step (3) evaluates the likelihood of
each individual SR in the observed data using
the UR probabilities and constraint weights
learned in step (2). If all SRs exceed a .95 like-
lihood threshold, the learner—satisfied that
the current URs generate the observed data
with sufficiently high probability—stops its
search for a more optimal model. If, however,
any single SR exhibits less than .95 likelihood,
the learner has failed to meet the Likelihood

2See Hayes and Wilson (2008) for a detailed explana-
tion of gradient ascent, the maximization counterpart
to the gradient descent process used here.

3To maximize restrictiveness, ¢; is set to 100 for
markedness constraints and 0 for faithfulness con-
straints. o7 is a plasticity constant used to modulate
how much deviations from ideal weights impact the
value of the loss function.

Threshold and continues iterating through the
learning pathway (cf., Belth 2026).

Establishing a Likelihood Threshold at
which the learner is satisfied with its learned
representations is a defining feature of the UR
PHaSE learner, and is similar to how humans
approach decision making. Rather than ex-
amine all possible candidates in a hypothe-
sis space exhaustively, humans almost always
settle on a solution once it meets some thresh-
old that satisfies their expectations (Simon,
1955, 1956). Of course, it is certainly true
that acceptability thresholds vary from indi-
vidual to individual and decision to decision.
In this sense, the .95 likelihood threshold of-
fered here serves as a stand-in for individual
variation of what a satisfactory solution may
be.

3.4 Step (4): UR Candidate Expansion

If any surface form falls below the .95 thresh-
old in step (3) using n-disparity URs, the UR
PHaSE learner will expand the UR hypothesis
space for all morphemes by introducing n+1-
disparity UR candidates. Crucially, even at
low-disparity levels, the unrestricted genera-
tion of UR candidates can cause the hypothe-
sis space to grow too large to support effective
learning.

To avoid this combinatorial explosion, the
UR PHaSE learner does not generate all log-
ically possible n+ 1-disparity URs. Instead,
it exploits information already present in
the grammar: only features associated with
markedness constraints that (i) are violated
by at least one surface representation and
(ii) currently exhibit low (i.e., non-maximal)
weights are eligible to be flipped to generate
new UR candidates.

This targeted strategy equips the learner
with a principled means of expanding the UR
search space. Rather than indiscriminately
introducing all higher-disparity candidates,
the learner proposes only those URs that in-
troduce additional UR—SR mapping candi-
dates that make violations of these marked-
ness constraints informative for learning. In
this way, the selective introduction of UR can-
didates at a single level of increased abstrac-
tion provides the learner with precisely the ev-
idence needed to revise its grammatical com-
mitments, while keeping the hypothesis space



i. [CV] steml ii. [C\:/-(Z}\:/] stem1-suffl
iii. [CV] 5 stem2 iv. [CV-GV] stem2-suffl
v. [CVGVN] stem3

Table 2: Punjabi surface form categories

tractable.

3.5 Iteration Until Convergence

After the UR candidate space is expanded in
step (4), the UR PHaSE learner repeats the
learning process in steps (2)-(4) until all mor-
phemes exceed the Likelihood Threshold eval-
uation in step (3).

4 A Test Case: Punjabi Pre-N Vowels

This section demonstrates that the level of
UR abstraction required for pre-N vowels
in Punjabi is learnable under the architec-
ture of the UR PHaSE learner. The model
was implemented in Python. The code
and data used in this section are available at
github.com/joncparamore/UR_PHaSE _Learner.

Surface forms exemplified by the five word
categories in Table 2 served as the input data
for the learning model. The entire dataset is
provided in the appendix. Six words were in-
cluded from each of the five categories, re-
sulting in a total of thirty forms. Along with
the observed surface form of each word, the
learner was also provided with morpheme
boundary information.* Categories in Table
2.i-ii demonstrate the nasal harmony pattern
triggered by contrastive nasal vowels, and the
patterns in Table 2.iii-iv illustrate that vowel
nasality is contrastive. Finally, the category
in Table 2.v demonstrates that pre-N vowels
are nasalized but do not trigger harmony.

4.1 Step (1): Phonotactic Learning

The ten constraints listed in Table 3, along
with their definitions (provided in the ap-
pendix), were also supplied to the learner.
All constraint weights were initialized at the
midpoint value of 50 at the outset of step
(1). ID[NAS]/_V is a unique constraint in
that it is a contextual faithfulness constraint
(Hauser and Hughto, 2020) that penalizes
changes to a segment's [NAS] feature value

“See Wang and Hayes (2025) for a method of
learning morpheme boundaries during morphophone-
mic learning.

Constraint Type |initial w|final w
Sprd-L[nas] | mark. 50.00 | 0.13
*NasObs mark. 50.00 |100.00
*NasG mark. 50.00 0.47
*NasV mark. 50.00 0.00
*VN mark. 50.00 | 100.00
ID[NAS]| faith. 50.00 0.00
IDFin|NAS] | faith. | 50.00 | 0.00
ID|NAS|/_V|contfaith.| 50.00 | 0.00
ID[RD] faith. | 50.00 | 0.00
*LowRD mark. 50.00 |100.00

Table 3: Constraint weights with their initial and
optimized weights in the phonotactic stage.

when directly preceding a vowel specified as
[-NAS] in the input. As is well known, par-
allel versions of Optimality Theory are un-
able to capture many opaque phonological
processes (McCarthy, 2000, 2007), including
the opaque counterfeeding pattern in which
pre-N vowels are nasalized on the surface but
do not trigger harmony in Punjabi. To address
this, contextual faithfulness constraints refer-
ence a segment's input context to explain why
vowels and glides preceding pre-N vowels do
not undergo nasalization.

The weights learned in the phonotactic
stage are provided in the final column of
Table 3 and serve as the input to the
morphologically-aware learning stage that
follows. From a cursory examination, it is
clear that the phonotactic grammar correctly
bans nasal obstruents, oral vowels before
nasal consonants, and low round vowels—
none of which occur in Punjabi—by maxi-
mizing the associated markedness constraints.
Also, because the grammar does not consider
URs during the phonotactic stage, all faithful-
ness constraints were reduced to zero to allow
for a maximally restrictive grammar. *NASG
must have a low weight during the phonotac-
tic stage because nasal glides are phonotac-
tically licit in Punjabi (e.g., [sddd] 'breaths").
Likewise, because pre-N forms do not exhibit
nasal harmony (e.g., [tavdn] 'penalty’), SPRD-
L[NAs] must also be assigned a low weight in
the phonotactic stage. Otherwise, the gram-
mar would impose nasal harmony in all appli-
cable environments, including in pre-N forms.



4.2 Step (2): O-disparity UR EM Learning

After phonotactic learning, step (2) uses the
Expectation-Maximization (EM) algorithm to
search for the combination of URs and con-
straint weights that maximize the likelihood
of the observed surface forms.

Although the learner optimizes UR proba-
bility distributions for all morphemes across
the dataset, I report updates for only three
representative word forms here: [sd] 'breath’,
[sdbdd] 'breaths', and [tavdn] 'penalty’. To-
gether, these forms are sufficient to diagnose
whether the learner has acquired (i) nasal har-
mony triggered by contrastive nasal vowels
and (ii) the absence of nasal harmony when
vowel nasality is derived in pre-N contexts.

In this round of EM learning, the UR PHaSE
learner constructs the UR candidate space for
each morpheme based solely on the surface al-
ternations it has encountered. The 0-disparity
UR candidates for the morphemes 'breath' and
'penalty' (Table 4) are all identical to at least
one SR of their respective morpheme.

The results of EM learning using only O-
disparity URs are given in Table 4. Note that
the final posterior UR probabilities the learner
converged on remain unchanged from their
initial uniform distributions. Additionally,
the likelihood of observing [tavdn] 'penalty’ is
1, indicating that nasal harmony is correctly
not expected in pre-N forms. For the two real-
izations of 'breath' [sa]~[sadd], however, the
learner is unable to correctly model nasal har-
mony given the current UR options, so instead
optimizes the likelihood as much as possible
by distributing UR probabilities evenly across
the two candidate URs. This results in approx-
imately 50% likelihood of observing the cor-
rect nasality patterns of 'breath'.

The reason for the learning failure is
straightforward: given only concrete forms as
UR candidates, the learner cannot find con-
straint weights that induce nasal harmony in
'breath' while simultaneously suppressing it in
the pre-N form 'penalty’.

4.3 Step (3): Likelihood Threshold Eval.
for O-disparity URs

As is already evident from the sampling of
SRs in Table 4 above, the six singular surface
forms with an oral vowel in the stem (like [sa]

Constraint Type |initial w|final w
Sprd-Lnas] | mark. 0.13 | 62.92
*NasObs mark. 100.00 | 100.00
*NasG mark. 0.47 60.24
*NasV mark. 0.00 23.16
*VN mark. 100.00 | 100.00
ID[NAS] faith. 0.00 83.44
IDFin[NAS] faith. 0.00 89.46
ID[NAS]|/ V|contfaith.| 0.00 |100.00
ID[RD) faith. | 0.00 | 6.29
*LowRD mark. 100.00 | 100.00
Morpheme | UR candidate | Prior | Posterior
‘breath’ /sa/ 0.5 0.5
/sd/ 0.5 0.5
‘penalty’ /tavdn/ 1.0 1.0
SR | Likelihood
[sa] 0.50
[sadd] 0.48
[tavdn] 1.00

Table 4: Constraint weights, UR probabilities, and
SR likelihoods after O-disparity EM learning.

'‘breath') and the six surface forms with those
same stems in the plural (like [sd0dd] 'breaths")
all fail to meet the Likelihood Threshold of .95

when using only 0-disparity URs.

4.4 Step (4): UR Candidate Expansion

Unsatisfied with this learning result, the UR
PHaSE learner proceeds to consider more
abstract 1-disparity URs as potential addi-
tions to the UR candidate space. Impor-
tantly, 1-disparity URs are generated for all
morphemes the learner encounters, not only
those that fail to meet the likelihood thresh-
old. Expanding the hypothesis spaces of all
morphemes prevents the learner from cement-
ing the O-disparity analysis into part of the
lexicon while allowing abstraction elsewhere,
which can distort subsequent EM updates.
For instance, at the end of EM learning with
concrete O-disparity URs in section 4.2, the
learner is unable to simultaneously model the
presence of nasal harmony in alternations like
[sa~sada] 'breath'~'breaths' and the lack of
harmony in pre-N forms like [tavdn] 'penalty’.
As a compromise, the learner lowers the
weights of the constraints enforcing harmony
and, in doing so, predicts the absence of har-
mony in pre-N forms with perfect probabil-
ity, as shown in Table 4. If only the candi-



date spaces of morphemes with low likelihood
were expanded, the learner would preserve
the incorrect URs assigned to pre-N forms dur-
ing the O-disparity stage, thereby preventing
it from ever arriving at the correct abstract,
underlyingly oral URs for pre-N forms.

In generating 1-disparity URs, the learner
first examines the violation profiles of all
markedness constraints with respect to the ob-
served surface forms at the conclusion of 0O-
disparity learning (Table 4). If a markedness
constraint exhibits a non-maximal weight and
is violated at least once by an observed SR,
the feature associated with that markedness
constraint is eligible to be flipped to construct
new 1-disparity URs. A violated markedness
constraint that fails to reach its upper bound
indicates that weight re-optimization alone
cannot explain the relevant patterns across
SRs under current UR assumptions. The
learner, therefore, treats such intermediate
weights as evidence that the UR may be mis-
specified along the associated feature and per-
mits UR abstraction in order to test whether
an alternative UR yields higher likelihood.

In fact, only SPRD-L[NAS], *NASG, and
*NASV satisfy both criteria, rendering [NAS]
as the only feature eligible to be flipped to
generate new 1-disparity candidate URs. Cru-
cially, *LOWRD both reaches the upper weight
bound of 100 and is not violated by any ob-
served SRs. Consequently, the learner deter-
mines that introducing URs with a [RD] dis-
parity is unlikely to improve likelihood. Thus,
the expansion of the UR candidate space with
the addition of 1-disparity URs will be rela-
tively modest, only introducing URs that flip
the [NAS] feature on eligible segments.

Table 5 shows the 1-disparity URs added
to the hypothesis spaces of the morphemes
'breath' and 'penalty’. The two morphemes dif-
fer sharply in how their UR candidate spaces
expand. For 'breath, the candidate space re-
mains unchanged because flipping the [NAS]
feature on the vowel yields URs that already
belong to the O-disparity level. Furthermore,
nasalized [§] is unattested in Punjabi, leav-
ing the learner without a phonological cate-
gory that could support representations such
as /Sd/ or /Sa/. In contrast, the UR candi-
date space for 'penalty' expands from the sin-
gle SR to four potential URs. By flipping the

Morpheme UR Candidate Space
‘breath’ /sa/ /sa/
‘penalty’ | /tavdn/ /taddn/ /tGvdn/
/tavan/

Table 5: UR candidates for ‘breath’ and ‘penalty’,
expanded to include all possible 1-disparity URs
generated by flipping the [NAS]| feature.

[NAS] feature on all segments for which a
corresponding segmental category exists, the
learner introduces a small but analytically
consequential set of 1-disparity URs.

4.5 Step (2): 1-disparity UR EM Learning

Equipped with the newly expanded hypothe-
sis spaces, the learner returns to step (2) to re-
instantiate EM learning, the results of which
are shown in Table 6. As is evident, the com-
bination of learned weights and UR probabil-
ity distributions enables the learner to predict
the observed SRs with high degrees of likeli-
hood. This is achieved by assigning all of the
UR probability for 'breath’ to oral /sa/ and de-
riving nasality on the stem by way of nasal
harmony triggered by the vowel in the plu-
ral suffix. Conversely, the learner also cor-
rectly assigned all of the probability to the
abstract UR /tavan/ for 'penalty’, thereby en-
abling the pre-N vowel to surface as nasal
(due to high weight *VN) while not predict-
ing nasal harmony on these forms (due to
high weight on the contextual faithfulness
constraint, ID[NAS]/_V).

4.6 Step (3): Likelihood Threshold Eval.
for 1-disparity URs

With the addition of 1-disparity URs, the
learner converged on a combination of con-
straint weights and UR probabilities that
yielded a likelihood greater than .95 for each
SR, thus successfully acquiring a grammar
and lexicon that accounts for the data.

5 Discussion & Future Research

This paper introduced the UR Progressive Hy-
pothesis Space Expansion (UR PHaSE) learner,
a novel learning architecture designed to rec-
oncile the empirical need for abstract URs
with the learnability concerns raised by per-
mitting increased UR abstraction. Rather
than evaluating an effectively unbounded



Constraint Type |initial w|final w
Sprd-L[nas] | mark. 0.13 | 48.45
*NasObs mark. 100.00 | 100.00
*NasG mark. 0.47 48.45
*NasV mark. 0.00 0.00
*VN mark. 100.00 |100.00
ID[NAS] faith. 0.00 0.00
IDFin[NAS] | faith. 0.00 |100.00
ID[NAS|/ V|contfaith.| 0.00 |100.00
ID[RD) faith. | 0.00 | 6.28
*LowRD mark. 100.00 |100.00
Morpheme | UR candidate | Prior | Posterior
‘breath’ /sa/ 0.5 1.00
/sa/ 0.5 0.00
‘penalty’ /tavdn/ 0.25 0.00
/tavan/ 0.25 1.00
/taban/ 0.25 0.00
/tavdn/ 0.25 0.00
SR |Likelihood
[sa] 1.00
[s@dq] 0.96
[tavdn] 1.00

Table 6: Constraint weights, UR probabilities, and
SR likelihoods after 1-disparity EM learning.

UR hypothesis space in parallel, the learner
structures that space by disparity count and
searches it serially, beginning with fully con-
crete (0-disparity) URs and expanding to in-
clude more abstract candidates only when the
current level fails to meet a Likelihood Thresh-
old.

The UR PHaSE learner was applied to a
Pakistani Punjabi vowel nasality pattern that
requires abstract URs to account for pre-N
vowels, showing that 0-disparity EM learning
predictably fails to acquire the Punjabi nasal-
ity patterns because concrete URs cannot si-
multaneously induce harmony in contrastive-
nasal contexts while suppressing it in pre-
N contexts. The learner then selectively ex-
pands the UR candidate spaces using informa-
tion already present in the learned grammar
to generate only those higher-disparity URs
that are plausibly informative, keeping hy-
pothesis space growth tractable. More specifi-
cally, when learning fails at lower levels of ab-
straction, the learner uses the constraints that
highlight uncertainty/inconsistency in the
grammar (i.e., constraints with non-maximal
weights) to collect a set of features that could
be changed in the representations to resolve

this uncertainty. With this targeted expan-
sion, the learner successfully converges on the
minimally abstract URs required by the Pun-
jabi pattern, thereby demonstrating that re-
strictedly abstract URs are learnable when hy-
pothesis space expansion is progressive, struc-
tured, and threshold-governed.

The UR PHaSE learner developed in this pa-
per shows that constraints on UR abstraction
need not be imposed as an external stipula-
tion. Building on the conception of structur-
ing UR hypothesis spaces by disparity count
proposed by Tesar (2014, 2016), it avoids
evaluating an unbounded set of candidates in
parallel by generating and considering URs
in batches, based on their disparity distance.
This architecture naturally restricts abstrac-
tion because minimally abstract URs are al-
ways preferred if they are sufficient. At the
same time, the learner addresses search space
concerns presented by UR abstraction by ex-
panding the hypothesis space in a targeted
way. As the Punjabi example shows, this com-
bination allows the learner to arrive at the
highly abstract URs needed for pre-N vowels.

Several directions for future work follow
from these results. First, the present paper
demonstrates success on a single pattern that
motivates UR abstraction, Pakistani Punjabi
vowel nasality. The learner needs to be tested
on additional case studies that have been ar-
gued to require abstract URs (e.g., O'Hara
(2017) and Wang and Hayes (2025)). Second,
because the UR PHaSE learner does not im-
pose an explicit upper bound on abstraction,
it predicts that if a pattern truly requires 2-
disparity or 3-disparity URs, the learner will
eventually incorporate those URs into the can-
didate space. At the same time, after the
learner has climbed deep enough into the dis-
parity ladder, the UR candidate space may
still grow too large, ultimately yielding pro-
hibitive compute time or convergence fail-
ures. If so, then we should not expect to find
stable phonological systems in which very
high degrees of UR—SR mapping disparities
are analytically necessary. Exploring where
this boundary lies could clarify how far ab-
straction can plausibly extend under realis-
tic learning constraints and why, over time,
learners tend to reanalyze highly abstract URs
as concrete (Kiparsky, 1973; Kuo, 2024a,b).
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A Appendix

(1) Surface forms provided to the learner

i. CV: [sal, [dol, [to], [pel, [gel, [si]

ii. CV-GV: [saddl, [dodd]l, [todd], [péddl,
[gédadl, [sitd]

iii. CV: [gal, [tf"d], [ké], [3d], [kdl, [pd]


https://doi.org/10.7275/scil.3205
https://doi.org/10.7275/scil.3205
https://ling.auf.net/lingbuzz/009318
https://ling.auf.net/lingbuzz/009318

iv.

(2)

ii.

iii.

iv.

vi.

vii.

viii.

. CVGVN:

CV-GV: [gadadl, [tfraddl, [kodal, [3dbal,
[kadadl, [povdl
[tavdn], [provdn], [tejdn],
[3ovadn], [avam], [sijan]

Constraint Definitions

. SPRD-L[NAS] (cf. Walker, 2003, p.47)

For every occurrence of a [+ NAS] fea-
ture in a prosodic word, if that [ +NAS]
feature is dominated by some segment,
assign a violation for every segment to
the left of that segment in the prosodic
word that does not dominate the [ + NAS]
feature.

*NASOBS (Walker, 2003, p.51)
Assign a violation for every obstruent
that dominates a [ + NAS] feature.

*NASG (Walker, 2003, p.51)
Assign a violation for every glide that
dominates a [+ NAS] feature.

*NASV (Walker, 2003, p.51)
Assign a violation for every vowel that
dominates a [ + NAS] feature.

*VN

Assign a violation for every vowel that
dominates a [-NAS] feature when di-
rectly preceding a nasal consonant.

ID[NAS]

For every segment, A, assign a violation
if the output value for the [NAS] feature
dominated by A does not match the input
value for the [NAS] feature dominated by
A.

IDFIN[NAS]

For every segment, A, assign a violation
if the output value for the [NAS] feature
dominated by A does not match the input
value for the [NAS] feature dominated by
A in the final syllable of a prosodic word.

ID[NAS]/_V

Let A be a segment that occurs before an
oral vowel, _V, in the input. Assign one
violation if the output correspondent of
A does not have the same specifications
for [NAS] as A.

ix. ID[RD]

For every segment, A, assign a violation
if the output value for the [RD] feature
dominated by A does not match the input
value for the [RD] feature dominated by
A.

X. *LOWRD

Assign a violation for every vowel that
dominates a [rd] feature and a [LOW]
feature simultaneously.
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